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TaDA primitives specification:

`
{
emp

}
alloc(n)

{
©∗ n

i=0 ret+ i 7→ _
}

`

A

n ∈ N.
〈
x 7→ n

〉
CAS(x, a, b)

〈
if n = a then x 7→ b ∧ ret = 1 else x 7→ n ∧ ret = 0

〉
Treiber Stack module implementation:

1 push(x, v) {
2 nh := alloc(2)
3 [nh] := v
4 b := 0
5 while(b= 0) {
6 h := [x]
7 [nh + 1] := h
8 b := CAS(x, h, nh)
9 }

10 }

1 pop(x) {
2 h := 0
3 b := 0
4 while (b= 0) {
5 h := [x]
6 if (h 6= 0) {
7 nh := [h + 1]
8 b := CAS(x, h, nh)
9 }

10 }
11 v := [h]
12 return v
13 }

TaDA Treiber Stack module specification:

`

A

ls.
〈
emp

〉
makeTreiber()

〈
∃s.TS(s, ret, ε)

〉
`

A

ls.
〈
TS(s, x, ls)

〉
push(x, v)

〈
TS(s, x, v : ls)

〉
`

A

ls.
〈
TS(s, x, ls)

〉
pop(x)

〈
∃ls′.TS(s, x, ls′) ∧ ls = ret : ls′

〉
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Abstract predicate definition and interpretation:

TS(a, x, ls) , ∃ah, gh.Treibera(x, (ah, gh)) ∗ dChangeea ∗ PtrCpy(ah, ls)

PtrCpy(ε, ε) , True

PtrCpy((x, l) : ah, l : ls) , PtrCpy(ah, ls)

I(Treibera(x, (ah, gh)) , ∃h. x 7→ h ∗ Linked(h, ah) ∗©∗ (x,l)∈gh
(∃p. x 7→ l, p ∗ dItem(x, l, p)ea)

Linked(p, ε) , p = 0

Linked(p, (x, l) : ah) , ∃p′. p = x ∗ x 7→ l, p′ ∗ dItem(x, l, p′)ea ∗ Linked(p′, ah)

(1) ∀x, l, p.dItem(x, l, p)ea = dItem(x, l, p)ea • dItem(x, l, p)ea
(2) ∀x, l, p, l′, p′.dItem(x, l, p)ea • dItem(x, l′, p′)ea ⇔ l′ = l ∧ p′ = p

Change : ∀ah, gh, l, x, p. (ah, gd) ((x, l) : ah, gd)

Change : ∀l, ah, gh, x, p. ((x, l) : ah, gd) (ah, (x, l) ] gd)
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`

A

ls.
〈
TS(a, x, ls)

〉
A
bs
tr
ac
t

〈
∃ah, gh.Treibera(x, (ah, gh)) ∗ dChangeea ∗PtrCpy(ah, ls)

〉
M
ak

eA
to
m
ic

a : (ah, gh) ((x, l) : ah, gh){
∃ah, gh.Treibera(x, (ah, gh)) ∗ a Z⇒ �

}
nh := alloc(2){
∃ah, gh.Treibera(x, (ah, gh)) ∗ a Z⇒ � ∗ nh 7→ _,_

}
[nh] := v{
∃ah, gh.Treibera(x, (ah, gh)) ∗ a Z⇒ � ∗ nh 7→ v,_

}
b := 0{
∃ah, gh.Treibera(x, (ls, ah, gh)) ∗ a Z⇒ � ∗ nh 7→ v,_ ∧ b = 0

}
while(b= 0) {{
∃ah, gh.Treibera(x, (ah, gh)) ∗ a Z⇒ � ∗ nh 7→ v,_ ∧ b = 0

}

O
pe

nR
eg
io
n A

h, ah, gh〈
x 7→ h ∗ Linked(h, ah) ∗©∗ (x,l)∈gh

(∃p. x 7→ l, p ∗ dItem(x, l, p)ea)
〉

h := [x]〈
x 7→ h ∗ Linked(h, ah) ∗©∗ (x,l)∈gh

(∃p. x 7→ l, p ∗ dItem(x, l, p)ea) ∗ h = h
〉{

∃ah, gh, p.Treibera(x, (ah, gh)) ∗ a Z⇒ � ∗ nh 7→ v,_ ∧ b = 0 ∗ h = p
}

// To be stable we can only assert that h has a value assigned
[nh + 1] := h{
∃ah, gh.Treibera(x, (ah, gh)) ∗ a Z⇒ � ∗ nh 7→ v, h ∧ b = 0

}
// Viewshift to introduce new guard, nh isn’t in the shared region so no contradictory guard can exist{
∃ah, gh, p.Treibera(x, (ah, gh)) ∗ a Z⇒ � ∗ nh 7→ v, h ∗ dItem(nh, v, h)ea ∧ b = 0

}

U
pd

at
eR

eg
io
n

A

h, ah, gh〈
x 7→ h ∗ Linked(h, ls) ∗©∗ (x,l)∈gh

(∃p. x 7→ l, p ∗ dItem(x, l, p)ea)
∗ nh 7→ v, h ∗ dItem(nh, v, h)ea

〉
b := CAS(x, h, nh)〈
if b = 0 then x 7→ h ∗ Linked(h, ah) ∗©∗ (x,l)∈gh

(∃p. x 7→ l, p ∗ dItem(x, l, p)ea)
else x 7→ nh ∗ Linked(nh, (nh, v) : ah) ∗©∗ (x,(l,p))∈gh

(∃p. x 7→ l, p ∗ dItem(x, l, p)ea) ∗ h = h

〉
// If the update occurs a new head is pre-pended to the linked list used to store the stack{
∃ah, a′h, gh, g

′
h. if b = 0 then Treibera(x, (a′h, g

′
h)) ∗ a Z⇒ � ∗ nh 7→ v,_

else a Z⇒ ((ah, gh), ((nh, v) : ah, gh))

}
}{
∃ah, gh. a Z⇒ ((ls, ah, gh), ((nh, v) : ah, gh))

}〈
∃ah, gh.Treibera(x, (nh, v) : ah, gh)) ∗ dChangeea ∗PtrCpy(ah, ls)

〉
// By application of the definition of PtrCpy〈
∃ah, gh.Treibera(x, (nh, v) : ah, gh)) ∗ dChangeea ∗PtrCpy((nh, v) : ah, v : ls)

〉〈
TS(a, x, v : ls)

〉
Figure 1: Proof of Treiber Stack push
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`

A

ls.
〈
TS(a, x, ls)

〉

A
bs
tr
ac
t

〈
∃ah, gh.Treibera(x, (ah, gh)) ∗ dChangeea ∗PtrCpy(ah, ls)

〉

M
ak

eA
to
m
ic

a : ((x, l) : ah, gh) (ah, (x, l) ] gh){
∃ah, gh.Treibera(x, (ah, gh)) ∗ a Z⇒ �

}
h := 0{
∃ah, gh.Treibera(x, (ah, gh)) ∗ a Z⇒ � ∧ h = 0

}
b := 0{
∃ah, gh.Treibera(x, (ah, gh)) ∗ a Z⇒ � ∧ h = 0 ∧ b = 0

}
while(b= 0) {{
∃ah, gh.Treibera(x, (ah, gh)) ∗ a Z⇒ � ∗ b = 0

}
O
pe

nR
eg
io
n

A

h, ah, gh〈
x 7→ h ∗ Linked(h, ah) ∗©∗ (x,l)∈gh

(∃p. x 7→ l, p ∗ dItem(x, l, p)ea)
〉

h := [x]〈
∃hl, hp. x 7→ h ∗ Linked(h, ah) ∗©∗ (x,l)∈gh

(∃p. x 7→ l, p ∗ dItem(x, l, p)ea) ∗ h = h ∗
h 6= 0⇒ dItem(h, hl, hp)ea

〉
// From the definition of P, h is either null or points to a binary cell with associated guard
// Use guard axiom 1 to multiply the item guard{
∃ah, gh, hl, hp.Treibera(x, (ah, gh)) ∗ a Z⇒ � ∗
(h = 0 ∨ ((h ∈ dom(ah) ∨ h ∈ dom(gh) ∗ dItem(h, hl, hp)ea)) ∗ b = 0

}
// This assertion is stable under the transition system, if h points to a list cell it can be popped out
// of the list but will remain allocated in the shared heaplet defined by gh
if (h 6= 0) {{
∃ah, gh, hl, hp.Treibera(x, (ah, gh)) ∗ a Z⇒ � ∗ dItem(h, hl, hp)ea ∗
(h ∈ dom(ah) ∨ h ∈ dom(gh)) ∗ b = 0

}

O
pe

nR
eg
io
n

A

h, ah, gh〈
x 7→ h ∗ Linked(h, ah) ∗©∗ (x,l)∈gh

(∃p. x 7→ l, p ∗ dItem(x, l, p)ea) ∗
dItem(h, hl, hp)ea ∗ (h ∈ dom(ah) ∨ h ∈ dom(gh))

〉
nh := [h + 1]〈
x 7→ h ∗ Linked(h, ah) ∗©∗ (x,l)∈gh

(∃p. x 7→ l, p ∗ dItem(x, l, p)ea) ∗
dItem(h, hl, hp)ea ∗ nh = hp ∗ (h ∈ dom(ah) ∨ h ∈ dom(gh))

〉
// h still points a binary cell regardless of whether it’s still in the list
// by guard axiom 2 we know the value hasn’t changed{
∃ah, gh, hl, hp.Treibera(x, (ah, gh)) ∗ a Z⇒ � ∗ dItem(h, hl, hp)ea ∗
nh = hp ∗ (h ∈ dom(ah) ∨ h ∈ dom(gh)) ∗ b = 0

}

U
pd

at
eR

eg
io
n

A

h, ah, gh〈
x 7→ h ∗ Linked(h, ah) ∗©∗ (x,l)∈gh

(∃p. x 7→ l, p ∗ dItem(x, l, p)ea) ∗
dItem(h, hl, hp)ea ∗ nh = hp ∗ (h ∈ dom(ah) ∨ h ∈ dom(gh))

〉
b := CAS(x, h, nh)〈if b = 0 then x 7→ h ∗ Linked(h, ah) ∗©∗ (x,l)∈gh

(∃p. x 7→ l, p ∗ dItem(x, l, p)ea)
else ∃a′h. x 7→ nh ∗ Linked(nh, a′h) ∗©∗ (x,l)∈gh

(∃p. x 7→ l, p ∗ dItem(x, l, p)ea) ∗
h 7→ hl, nh ∗ dItem(h, hl, nh)ea ∗ ah = (h, hl) : a

′
h

〉
// If b = 1 then h still pointed to the head of the list, we establish the interpretation
// of the region with the first item moved to the garbage heaplet∃ah, a

′
h, gh, g

′
h. if b = 0 then Treibera(x, (a′h, g

′
h)) ∗ a Z⇒ �

else ∃hl. a Z⇒ (((h, hl) : ah, gh), (ah, (h, hl) ] gh)) ∗
Treibera(x, (a′h, (h, hl) ∪ g′h)) ∗ dItem(h, hl, nh)ea)


}∃ah, a

′
h, gh, g

′
h. if b = 0 then Treibera(x, (a′h, g

′
h)) ∗ a Z⇒ �

else ∃hl. a Z⇒ (((h, hl) : ah, gh), (ah, (h, hl) ] gh)) ∗
Treibera(x, (a′h, (h, hl) ∪ g′h)) ∗ dItem(h, hl, nh)ea)


}{
∃ah, a′h, gh, g

′
h, hl. a Z⇒ (((h, hl) : ah, gh), (ah, (h, hl) ] gh)) ∗

Treibera(x, (ls, a′h, (h, hl) ] g′h)) ∗ dItem(h, hl, nh)ea)

}

O
pe

nR
eg
io
n

A

h, a′h, g
′
h〈

x 7→ h ∗ Linked(h, a′h) ∗©∗ (x,l)∈g′
h
(∃p. x 7→ l, p ∗ dItem(x, l, p)ea) ∗ h 7→ hl, nh ∗

dItem(h, hl, nh)ea

〉
v := [h]〈
x 7→ h ∗ Linked(h, a′h) ∗©∗ (x,l)∈g′

h
(∃p. x 7→ l, p ∗ dItem(x, l, p)ea) ∗ h 7→ hl, nh ∗ dItem(h, hl, nh)ea ∗

v = hl

〉
{
∃ah, gh, hl. a Z⇒ (((h, hl) : ah, gh), (ah, (h, hl) ] gh)) ∗ v = hl

}
return v{
∃ah, gh. a Z⇒ (((h, ret) : ah, gh), (ah, (h, ret) ] gh))

}〈
∃ah, gh, ls′.Treibera(x, (ah, (h, ret) ] gh)) ∗ dChangeea ∗ ls = ret : ls ∗PtrCpy(ah, ls

′)
〉〈

∃ls′.TS(a, x, ls′) ∗ ls = ret : ls′
〉

Figure 2: Proof of Treiber Stack pop


